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𝑃𝑟 𝐺 =   
𝑐!  ×  𝑎
𝑝!

In what follows we explain how each of these components is calculated. We also 
exemplify each component using the Reyesano A marker paradigm (see main text), as 
well as a somewhat more complex example, the Kulung P marking paradigm (Tolsma 
2006). A Python script that implements this calculation for AUTOTYP argument 
marker paradigms is available for download from GitHub.1 

1 https://github.com/jbmansfield/Category-Clustering

Supplemental material for ‘Category clustering: A probabilistic bias in the 
morphology of verbal agreement marking’, by John Mansfield, Sabine Stoll, and 

Balthasar Bickel. Language 96(2).255–93, 2020.

Category clustering: A probabilistic bias in the morphology 
of verbal agreement marking 

Supplementary material 2: Partition probability formula 

This supplement motivates and describes the formula for calculating the probability 
that a set of affixes exhibit a particular partition of affixes over positions against a null 
model of  random allocations. For example, where Reyesano A markers comprise five 
affixes distributed over three available positions (Guillaume 2009), what is the 
probability of their observed partition {4, 1} (i.e. four affixes occur in the same 
position, and one affix in a different position)?  

1. Formula overview

The formula for calculating partition probability can be broken down into three main 
components: 

cu – the number of unique ways that a set of affixes can be combined into a given 
partition of groups; 

a – the number of ways that these groups can be distributed over the available 
positions; 

pm – the total number of possible allocations for the set of morphs. 

These three components suffice to give the probability of a partition, because 𝑐!  ×  𝑎 
gives the number of allocations that would satisfy the partition, while pm gives the 
total number of all possible allocations. The probability of a partition G, under 
random allocation, is the proportion of all possible allocations that would satisfy this 
partition, i.e.: 

https://github.com/jbmansfield/Category-Clustering
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2. Number of unique ways to produce partition 

The most complex component of our calculation is cu, the number of unique ways that 
a set of morphs can be grouped to produce a particular partition. The groups represent 
affixes that share the same position. The ‘partition’ is the cardinality of these groups, 
irrespective of the actual position in the string (Hardy & Wright 2008: 362ff.). For 
example, the observed partition of Reyesano A affixes is {4,1}, or equivalently, 
{1,4}. This partition could have been produced by five different groupings, 
represented in the form of (unordered) sets:  

{(m, k, mi, mik), (ta)}  ☜ actual grouping 
{(m, k, mi, ta), (mik)} 
{(m, k, ta, mik), (mi)} 
{(m, mi, ta, mik), (k)} 
{(k, mi, ta, mik), (m)} 

 
Kulung has a greater number of position-sharing groups in its P partition {4,4,1,1},  
making enumeration of groupings more complicated: 

{(um, na, yan, o), (ni, i, ya, ci), (cu), (am)} ☜ actual grouping 
{(um, na, yan, am), (ni, i, ya, ci), (cu), (o)} 
{(um, na, yan, cu), (ni, i, ya, ci), (am), (o)} 
… + 1572 other groupings 

 
The complete enumeration requires the combinatoric concepts of the factorial and the 
combination. A factorial n! is the product of all the integers up to n, e.g. 4! =
1  ×  2  ×  3  ×  4. It can also be thought of as a ‘permutation’, i.e. the number of ways of 

sequencing n objects. A combination !
!

 is the number of ways that k objects can be 

selected from n objects, where k is an unordered set.  
 
If G is an affix partition, such as the Kulung Patient {4,4,1,1}, then the number of 
ways that the 10 morphs can be thus combined is given by all possible combinations 

of the first group from the total, !"
!

, multiplied by all possible combinations of the 

second group from the remainder !
!

, and so on until the last group. In the general 

case, for m morphs partitioned into h groups, and cardinality of those groups g1 … gh:, 
the total combinations c is given by: 

𝑐   =   
𝑚
𝑔!

  ×   
𝑚 −   𝑔!
𝑔!

  ×   
𝑚 −   𝑔! −   𝑔!

𝑔!
    …  ×   

𝑚 −   𝑔! −   𝑔!…   𝑔!!!
𝑔!

     

 
The full set of morph combinations c enumerates groups with ordering among those 
groups that have the same cardinality, i.e. it treats the following two groupings as 
distinct:  

{(um, na, yan, o), (ni, i, ya, ci), (cu), (am)}  
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{(ni, i, ya, ci), (um, na, yan, o), (am), (cu)}  
 
However at this point we wish to calculate only how many groupings satisfy the 
partition, without any ordering among the groups. We therefore calculate the ‘unique 
combinations’, where groups are fully unordered. For example, in the partition 
{4,4,1,1}, there are two groups where g = 4, and we wish to factor out the 
permutation of ordering among all such groups. We thus enumerate the unique 
combinations cu by dividing c by the permutation 2!. Similarly, there are two groups 
where g = 1, which we again must factor out by dividing by the permutation 2!. In the 
general case, we calculate cu by dividing c by all permutations of groups with equal 
cardinality. Thus where groups have cardinalities 1…m, and the number of groups 
that repeat each cardinality is r1 … rm, then the unique combinations cu is given by: 
 

𝑐! =       

𝑚
𝑔1

  ×   
𝑚−   𝑔1
𝑔2

  ×   
𝑚−   𝑔1 −   𝑔2

𝑔3
    …  ×   

𝑚−   𝑔1 −   𝑔2…   𝑔ℎ−1
𝑔ℎ

    

𝑟!!  ×  𝑟!!  ×   …   𝑟!!  
 

 
Notice that wherever we have just one group with a given cardinality, the dividing 
factor is thus 1! = 1. In other words, this part of the formula only has an effect where 
there are multiple groups in G with the same cardinality g. The number of allocations 
giving the Reyesano Agent partition {4,1} is thus given by a fairly simple equation, in 
which the denominator is trivial due to there being only one group with each 
cardinality:  

𝑐!{4,1} =       

5
4   ×    11   

1!  ×  1!
 

 

=       
5  ×  1  
1  

 
=       5 

 
For the Kulung Patient partition, {4,4,1,1}, the number of possible allocations is 
given by: 

𝑐!{4,4,1,1} =       

10
4   ×    64   ×    21     ×    11     

2!  ×  2!  
 

 

=       
210  ×  15  ×  2    ×  1    

2  ×  2  
 

 
=       1575 
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3. Number of allocations for the partition groups 

The next component of our formula is the number of ways that the partitioned groups 
can be allocated to the p many positions (where p includes all known available 
positions, whether or not they are attested for this paradigm). For example the two 
groups of Reyesano A affixes, allocated into three known positions, may be allocated 
as in Table 1: 
 
Table 1. Possible allocations of affix groups  
for Reyesano partition {g1=4, g2=1} 

Σ-2 Σ+1 Σ+2 

g1 g2 - 
g2 g1 - 
- g1 g2 
- g2 g1 
g2 - g1 
g1 - g2 
 
In general, the number of possible allocations is calculated by enumerating in how 
many sequences the groups may appear from left to right, which for h many groups is 
the permutation h!, and how many ways the h many groups may select from the p 

positions available, i.e. !
!

. The total possible allocations, a, is thus given by the 

permutation of the combinations: 

𝑎 = ℎ!  ×   
𝑝
ℎ  

 
For Reyesano A marking, the number of allocations is given by: 

𝑎 = 2!  ×   
3
2  

 
= 2  ×  3 

 
= 6 

 
For Kulung P marking, the partition into four groups is allocated to five known 
positions: 

𝑎 = 4!  ×   
5
4  

 
= 24  ×  5 

 
= 120 
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4. Total number of possible allocations 

Let p be the number of known positions, and m the number of affixes in the paradigm. 
Now each affix may be allocated to any position, so there are p possible allocations 
per affix, and the full set of possibilities is the product of all such allocation, i.e. pm.  
 

5. Probability of a given partition 

We now have the components in hand to calculate how many allocations satisfy a 
partition, and the total number of all possible allocations. To calculate the probability 
of a given partition under a null model of random placement, we calculate what 
proportion of all possible affix allocations would satisfy the partition. The probability 
of partition G is therefore given by:  

𝑃𝑟 𝐺 =     
𝑐!  ×  𝑎
𝑝!  

 
The probability of the Reyesano A marker partition {4,1}, given three available 
positions, is given by: 

𝑃𝑟 𝐺 =     
5  ×  6
3!  

 

=     
30
243 

 
=      .12 

 
For the Kulung P marking partition {4,4,1,1}, with five available positions, there is an 
exponential increase in both the number of allocations that satisfy the partition, and 
the total number of possible allocations: 

𝑃𝑟 𝐺 =     
1575  ×  120

5!"  

 

=     
189,000
9,765,625 

 
=      .02 
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